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Abstract
If the X(3872) is a loosely-bound molecule of the charm mesons D0D¯∗0 and D∗0D¯0, it can decay
through the decay of a constituent in a hadronic channel with a nearby threshold, such as J/ψ ω
or J/ψ ρ. The differential decay rates of the X into J/ψ pi+pi−, J/ψ pi+pi−pi0, J/ψ pi0γ, and J/ψ γ
are calculated in terms of XJ/ψ ρ and XJ/ψ ω coupling constants using an effective lagrangian
that reproduces the decay rates of the ω and the ρ. The dependence of the coupling constants on
the binding energy and the total width of the X is determined by a factorization formula. Results
from a model by Swanson are used to predict the partial width of X into J/ψ pi+pi−pi0 as a function
of the binding energy and the total width of the X.
PACS numbers: 12.38.-t, 12.39.St, 13.20.Gd, 14.40.Gx
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I. INTRODUCTION
The X(3872) is a narrow resonance near 3872 MeV discovered by the Belle collaboration
in electron-positron collisions through the B-meson decay B± → XK± followed by the decay
X → J/ψ π+π− [1]. Its existence has been confirmed by the CDF and DØ collaborations
through its inclusive production in proton-antiproton collisions [2, 3] and by the Babar
collaboration through the discovery mode B± → XK± [4]. The combined measurement of
the mass of the X is [5]
mX = 3871.9± 0.5 MeV, (1)
which is within 1 MeV of the threshold for the charm mesonsD0 and D¯∗0. The presence of the
J/ψ among the decay products of the X(3872) motivates its interpretation as a charmonium
state with constituents cc¯ [5–9]. Two possibilities motivated by the proximity of the mass in
Eq. (1) to the D0D¯∗0 threshold are a hadronic molecule with constituents DD∗ [10–20] and a
“cusp” at the D0D¯∗0 threshold associated with strong coupling to D0D¯∗0 or D∗0D¯0 [21, 22].
Other proposed interpretations include a tetraquark with constituents cc¯qq¯ [23], a “hybrid
charmonium” state with constituents cc¯g [24, 25], a glueball with constituents ggg [26], and
a diquark-antidiquark bound state with constituents cu + c¯u¯ [27]. The interpretation as a
DD∗ molecule is particularly predictive because the small binding energy implies that the
molecule has universal properties that are completely determined by the binding energy
[11, 13, 15, 18]. The small binding energy can be further exploited through factorization
formulas for production and decay rates of the X [19].
Measurements of the decays of the X can be used to determine its quantum numbers and
narrow down the possibilities [5, 28–32]. The upper bound on the decay width of the X is
[1]
ΓX < 2.3 MeV (90% C.L.), (2)
which is much narrower than other charmonium states above theDD¯ threshold. The product
of the branching fractions associated with the discovery channel is [1, 4, 5]
Br[B+ → XK+] Br[X → J/ψπ+π−] = (1.3± 0.3)× 10−5. (3)
The invariant mass distribution of the two pions from the decay X → J/ψ π+π− seems
to peak near the upper endpoint, which suggests that the pions come from a virtual ρ
resonance. Recently the Belle collaboration has observed the X(3872) in the decay mode
X → J/ψ π+π−π0 [32] with the branching ratio
Br[X → J/ψ π+π−π0]
Br[X → J/ψ π+π−] = 1.0± 0.4stat ± 0.3syst. (4)
The invariant mass distribution of the three pions indicates that they come predominantly
from a virtual ω resonance [33]. If the decays into J/ψ π+π− and J/ψ π+π−π0 are interpreted
as J/ψ ρ∗ and J/ψ ω∗, the approximate equality of the branching fractions in Eq. (4) implies
a large violation of isospin symmetry. The Belle collaboration also reported evidence for the
decay X → J/ψ γ [32] with the branching ratio
Br[X → J/ψ γ]
Br[X → J/ψ π+π−] = 0.14± 0.05. (5)
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The observation of the decay into J/ψ γ establishes the charge conjugation of the X to be +.
By analyzing angular distributions in the decay of X into J/ψ π+π−, the Belle collaboration
has ruled out all JP+ assignments for X with J ≤ 2 other than 1++ and 2++ [32]. Upper
limits have been placed on the branching fractions for other decay modes of the X , including
D0D¯0, D+D−, D0D¯0π0 [34], χc1γ, χc2γ, J/ψ π
0π0 [35], and J/ψ η [36]. Upper limits have
also been placed on the partial widths for the decay of X into e+e− [37, 38] and into γγ [37].
The possibility that charm mesons might form molecular states was considered shortly
after the discovery of charm [39–42]. In 1993, Tornqvist made a quantitative study of the
possibility of molecular states of charm mesons using a one-pion-exchange potential model
[43]. He found that the isospin-0 combinations of DD¯∗ and D∗D¯ could form weakly-bound
states in the S-wave 1++ channel and in the P-wave 0−+ channel. After the discovery of the
X(3872), Tornqvist pointed out that because the binding energy is small compared to the
splitting between the D+D∗− and D0D¯∗0 thresholds, there will be large violations of isospin
symmetry [10]. Swanson considered a potential model that includes both one-pion-exchange
and quark exchange and found that the C = + superposition of D0D¯∗0 and D∗0D¯0 could
form a weakly-bound state in the S-wave 1++ channel [14]. Swanson’s model included not
only the charmed mesons D0D¯∗0, D∗0D¯0, D+D∗−, and D∗+D−, but also two other pairs
of hadrons with nearby thresholds: J/ψ ρ0 and J/ψ ω. His prediction that the branching
fraction for the decay of X into J/ψ π+π−π0 should be comparable to that for decay into
J/ψ π+π− was verified by the Belle collaboration [32, 33].
In this paper, we analyze decays of the X(3872) into J/ψ and light hadrons under the
assumption that X is a loosely-bound DD∗ molecule and that these decays proceed through
transitions of X to J/ψ ρ and J/ψ ω. In Section II, we summarize some of the universal
results for a system with large scattering length and we give the current constraints on the
real and imaginary parts of the large scattering length for theDD∗ system. In Section III, we
discuss other hadronic states with thresholds near the D0D¯∗0 threshold and we summarize
results from Swanson’s model for the X(3872). In Section IV, we calculate the differential
distributions for decays of X into J/ψ π+π−, J/ψ π+π−π0, and J/ψ π0γ using an effective
lagrangian that reproduces decays of the vector mesons. We also use vector meson dominance
to calculate the partial width for the decay into J/ψ γ. The normalizations of the decay rates
are determined by unknown coupling constants for the transitions of X to J/ψ ρ and J/ψ ω.
The dependence of the coupling constants on the binding energy and the total width of the
X is deduced using a factorization formula. In Section V, we use a two-channel scattering
model to illustrate how the coupling constants can be related to probabilities for the J/ψ ρ
and J/ψ ω components of the X . We use the probability for J/ψ ω in Swanson’s model
to give a quantitative prediction for the partial decay rate of the X into J/ψ π+π−π0 as a
function of the binding energy and the total width of the X . A summary of our results is
given in Section VI. An updated determination of the parameters in the effective lagrangian
for light pseudoscalar and vector mesons is given in an Appendix.
II. UNIVERSALITY AND THE DD∗ SYSTEM
The mass of the X is extremely close to the D0D¯∗0 threshold: mD0 +mD∗0 = 3871.3±1.0
MeV. From the mass measurement in Eq. (1), the difference is
mX − (mD0 +mD∗0) = +0.6± 1.1 MeV. (6)
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Most of the uncertainty comes from the experimental uncertainty in 2mD0, because the
mass difference mD∗0 −mD0 has a much smaller uncertainty. If the X were a D0D¯∗0/D∗0D¯0
molecule, the energy difference in Eq. (6) would have to be negative, corresponding to a
positive binding energy defined by
EX = (mD0 +mD∗0)−mX . (7)
The measurement of the binding energy in Eq. (6) is compatible with a small negative value
corresponding to a DD∗ molecule. However, the central value of the energy difference in
Eq. (6) is positive, corresponding to a resonance in D0D¯∗0 and D∗0D¯0 scattering rather than
a bound state. Bugg has referred to this possibility as a “cusp state” [21, 22], because the
line shape of the X in some of its decay modes has a cusp at the D∗0D¯0 threshold.
The energy difference in Eq. (6) is tiny compared to the natural energy scale for binding
by the pion exchange interaction: m2pi/2µ ≈ 10 MeV, where µ is the reduced mass of D0 and
D¯∗0:
µ =
mD0mD∗0
mD0 +mD∗0
= 966.5± 0.3 MeV. (8)
Whether the energy difference is positive or negative, its unnaturally small value implies
that if the X couples to D0D¯∗0 and D∗0D¯0, the S-wave scattering lengths for those channels
must be large compared to the natural length scale 1/mpi associated with the pion exchange
interaction. Since the experimental evidence favors the charge conjugation quantum number
C = +, we assume that there is a large scattering length a in the C = + channel and that
the scattering length in the C = − channel is negligible in comparison. In this case, the
scattering lengths for elastic D0D¯∗0 scattering and elastic D∗0D¯0 scattering are both a/2.
Nonrelativistic few-body systems with short-range interactions and a large scattering
length have universal properties that depend on the scattering length but are otherwise
insensitive to details at distances small compared to |a| [44]. We consider the scattering
length to be large if it is much larger than the natural momentum scale associated with low-
energy scattering. The universal results are encoded in the truncated connected transition
amplitude, which is a function of the total energy E of the two particles in the rest frame
of the pair:
A(E) = 2π/µ−1/a +√−2µE , (9)
where µ is the reduced mass of the two particles. If a is real and positive, this amplitude has
a pole on the physical sheet at E = −1/(2µa2), indicating the existence of a weakly-bound
state with the universal binding energy
EX =
1
2µa2
. (10)
The universal momentum-space wavefunction of this bound state is
ψ(p) =
(8π/a)1/2
p2 + 1/a2
. (11)
The universal amplitude for transitions from the bound state to a scattering state consisting
of two particles with small relative momentum is determined by the residue of the pole in
A(E):
AX =
√
2π
µ
a−1/2. (12)
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If there is an inelastic scattering channel, the large scattering length a has a negative
imaginary part. It is convenient to express the complex scattering length in the form
1
a
= γre + iγim, (13)
where γre and γim are real and γim ≥ 0. The universal expression for the binding energy in
Eq. (10) has an imaginary part iΓX/2, where
ΓX = 2γreγim/µ. (14)
If γim < γre, ΓX is the full width at half maximum of a resonance in the inelastic channel
[19]. It therefore can be interpreted as the rate for the decay of the bound state into the
inelastic channel. The peak of the resonance is below the threshold by the amount
EX = γ
2
re/(2µ). (15)
We can therefore interpret this expression as the binding energy of the resonance [19].
The observed decays of the X imply that there are inelastic scattering channels, so a has
a negative imaginary part. It can be parameterized in terms of the real and imaginary parts
of 1/a as in Eq. (13). Our interpretation of X as a bound state requires γre > 0. The energy
difference in Eq. (6) puts an upper bound on γre:
γre < 40 MeV (90% C.L.). (16)
The upper bound on the width in Eq. (2) puts an upper bound on the product of γre and
γim:
γreγim < (33 MeV)
2 (90% C.L.). (17)
There is also a lower bound on the width of the X from its decays into D0D¯0π0 and D0D¯0γ,
which both proceed through the decay of a constituent D∗. These decays involve interesting
interference effects, but the decay rates have smooth limits as the binding energy is tuned
to 0 [11]. In this limit, the constructive interference increases the decay rate by a factor of
2, so the partial widths of X into D0D¯0π0 and D0D¯0γ add up to 2 Γ[D∗0]. The width of
D∗0 has not been measured, but it can be deduced from other information about the decays
of D∗0 and D∗+. Using the total width of the D∗+, its branching fraction into D+π0, and
isospin symmetry, we can deduce the partial width of D∗0 into D0π0 to be 42 ± 10 keV.
The total width of the D∗0 can then be obtained by dividing by its branching fraction into
D0π0: Γ[D∗0] = 68± 16 keV. The sum of the partial widths of X into D0D¯0π0 and D0D¯0γ
is therefore 136± 32 keV. The resulting lower bound on the product of γre and γim is
γreγim > (7 MeV)
2 (90% C.L.). (18)
By combining this with the upper bound on γre in Eq. (16), we can infer that γim > 1 MeV.
III. HADRONIC STATES WITH NEARBY THRESHOLDS
The state of the X can be written schematically as
|X〉 = Z
1/2
√
2
(|D0D¯∗0〉+ |D∗0D¯0〉)+∑
H
Z
1/2
H |H〉, (19)
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where Z is the probability for the X to be in the D0D¯∗0/D∗0D¯0 state and ZH is the prob-
ability for the X to be in another hadronic state H . The hadronic states H in (19) could
include charmonium states, other charm meson pairs such as D±D∗∓, states consisting of
a charmonium and a light hadron such as J/ψ ρ and J/ψ ω, etc. An expansion of |X〉 in
terms of hadronic states can be valid only if there is an ultraviolet cutoff on the energy
difference with respect to the D0D¯∗0 threshold. The probabilities ZH depend on that cutoff.
Universality implies that as a→∞, Z approaches to 1 and ZH scales as 1/a [13].
The small binding energy of X compared to the natural energy scale m2pi/(2µ) = 10
MeV associated with pion exchange implies resonant S-wave interactions in the D0D¯∗0 and
D∗0D¯0 systems. If there are other hadronic channels whose thresholds differ from the D0D¯∗0
threshold by less than 10 MeV, there would be resonant S-wave interactions in those channels
as well. In this case, it would be necessary to treat all the resonating channels as a coupled-
channel system, with a large elastic scattering length for each channel and a large transition
scattering length for each pair of channels. The hadronic states D±D∗∓, J/ψ ρ, and J/ψ ω
have thresholds that are relatively close to the D0D¯∗0 threshold. The energy gaps between
these other thresholds and the D0D¯∗0 threshold are
mD± +mD∗∓ − (mD0 +mD∗0) = +8.1± 0.1 MeV, (20a)
mJ/ψ +mρ − (mD0 +mD∗0) = +1.4± 1.1 MeV, (20b)
mJ/ψ +mω − (mD0 +mD∗0) = +8.2± 1.0 MeV. (20c)
The small uncertainty in Eq. (20a) comes from using mass differences between charm mesons
to calculate the energy gap. The uncertainties in Eqs. (20b) and (20c) are dominated by the
uncertainty in 2mD0. The energy gaps in the D
±D∗∓ and J/ψ ω channels are comparable to
the natural energy scale of about 10 MeV associated with pion exchange. The energy gap in
Eq. (20b) for the J/ψ ρ channel is much smaller. However whether any of these channels can
have resonant interactions with D0D¯∗0 or D∗0D¯0 is determined not only by the real parts of
the energy gaps, which are given in Eqs. (20), but also by the imaginary parts, which can
be obtained by replacing each mass m by m− iΓ/2, where Γ is the width of the particle. If
there are large differences between the widths of the various particles, it is necessary only to
take into account the largest width among the particles in each channel. The largest width
in each of the three channels is
Γ[D∗±] = 0.096± 0.022 MeV, (21a)
Γ[ρ] = 150.3± 1.6 MeV, (21b)
Γ[ω] = 8.49± 0.08 MeV. (21c)
For the D±D∗∓ and J/ψ ω channels, the magnitude |∆| of the complex energy gap is com-
parable to the natural energy scale 10 MeV associated with pion exchange between D and
D∗. The large width of the ρ makes |∆| for the J/ψ ρ channel much larger than the natural
energy scale.
Because the complex energy gap ∆ for the other hadronic channels with nearby thresholds
are comparable to or larger than the natural energy scale, these channels need not be taken
into account explicitly in calculations of quantities that have nontrivial universal limits as
a→ ±∞. Their dominant effects enter through the complex-valued scattering length a. A
coupled-channel model that includes other hadronic states with nearby thresholds could still
be useful for estimating nonuniversal quantities or for calculating nonuniversal corrections
to the universal predictions.
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FIG. 1: The probabilities Zψω and Zψρ for the J/ψ ω and J/ψ ρ components of the X(3872) as a
function of its binding energy EX . The dots are the results from Swanson’s model [14]. The dotted
curves have the scaling behavior E
1/2
X and pass through the model result for EX = 0.7 MeV.
Swanson has constructed a model of the X and the hadronic states with nearby thresholds
and used it to predict some of the properties of the X [14, 16]. In particular, he predicted
correctly that the branching fraction for X → J/ψ π+π−π0 is comparable to that for X →
J/ψ π+π−. In addition to the channel D0D¯∗0+D∗0D¯0, Swanson’s model includes D+D∗−+
D∗+D−, J/ψ ρ, and J/ψ ω. It includes the S-wave and D-wave channels for DD∗, but
only the S-wave channel for J/ψ V , where V is the vector meson ρ or ω. Thus the model
has 6 coupled channels. The interactions between the hadrons are modeled by potentials:
one-pion-exchange potentials for the S-wave and D-wave DD∗ channels and for transitions
between those channels and Gaussian potentials for the transitions between the S-wave
DD∗ channels and the S-wave J/ψ V channels to simulate the effects of quark exchange.
The one-pion-exchange potential is singular at short distances and it was regularized by an
ultraviolet momentum cutoff Λ. The nonrelativistic Schro¨dinger equation for the 6 coupled
channels was solved numerically. A bound state with the quantum numbers JPC = 1++
of X appeared when the ultraviolet cutoff exceeded the critical value Λc = 1.45 GeV. The
binding energy of the X could be adjusted by varying the ultraviolet cutoff.
Swanson solved the coupled channel problem under the assumption that the ρ and ω are
stable hadrons with equal massesmρ = mω = 782.6 MeV. The reason for using an unphysical
value for mρ is that the central PDG value from 2002 and earlier, mρ = 771.1 MeV, is below
the D0D¯∗0 threshold. If such a value had been used, it would have been necessary to treat
J/ψ ρ states as scattering states. This complication was avoided by using a value of mρ
above the D0D¯∗0 threshold. Note that in Eq. (20b), we have taken the updated 2004 PDG
value mρ = 775.8 ± 0.5 MeV [45], which gives a J/ψ ρ threshold that is a few MeV above
the mass of the X .
Swanson calculated the probabilities for each component of the wavefunction of X for
values of the ultraviolet cutoff that correspond to varying the binding energy EX from 0.7
MeV to 23.2 MeV [14]. His results for the probabilities Zψω and Zψρ are shown as dots in
Fig. 1. Since the binding energy of the X is known to be less than 1 MeV, only the lowest
two values of EX could be physically relevant. For the lowest value EX = 0.7 MeV, the
probabilities were Zψω = 9.6%, ZD±D∗∓ = 7.9%, and Zψρ = 0.86%. The total probability
for the D0D¯∗0 and D∗0D¯0 components of the wavefunction is 81.6%.
In Fig. 1, the dotted lines have the scaling behavior E
1/2
X predicted by universality and
are normalized so that they pass through the dot at EX = 0.7 MeV. The probability Zψω
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clearly exhibits the universal behavior. The probability Zψρ does not. This may be related
to the fact that Zψρ is more than an order of magnitude smaller than Zψω. Because of the
weaker coupling of the X to isospin-1 states, the scaling region for isospin-1 states may not
set in until a much smaller value of EX .
Swanson estimated the partial widths for the decays of X into J/ψ h, where h is the light
hadronic state π+π−, π+π−π0, π0γ, or π+π−γ, using a simple ad hoc recipe. The partial
width into J/ψ h was taken to be the sum over the vector mesons V = ρ, ω of the product
of the probability ZψV for the J/ψ V component of the wavefunction and the partial width
Γ[V → h] for the decay of the vector meson:
Γ[X → J/ψ h] ≈
∑
V
ZψV Γ[V → h]. (22)
For the smallest value of the binding energy that was considered, EX = 0.7 MeV, the
resulting estimates of the partial widths for decay into J/ψ h were 1290 keV, 720 keV,
70 keV, and 13 keV for h = π+π−, π+π−π0, π0γ, and π+π−γ, respectively. The ratio of
the partial widths into J/ψ π+π−π0 and J/ψ π+π− was predicted to be 0.56 for EX = 0.7
MeV. Remarkably, this prediction agrees with the subsequent measurement by the Belle
collaboration given in Eq. (4) to within the experimental errors [35]. The approximately
equal branching fractions are a fortuitous result of an amplitude for X → J/ψ ω that is
much larger than the amplitude for X → J/ψ ρ and an amplitude for ω → π+π−π0 that is
much smaller than that for ρ→ π+π−. The suppression of the amplitude for X → J/ψ ρ is
related to the fact that in the isospin symmetric limit in which the mass difference between
neutral and charged D’s is neglected, there is binding in the isospin-0 channel but not in
the isospin-1 channel [43].
Swanson has also used his model to calculate the rates for several other decay modes
of the X [16]. The decay rate into J/ψ γ has contributions from transitions to J/ψ ρ and
J/ψ ω that can be calculated using vector meson dominance. It also has contributions from
the annihilation of the u and u¯ from the charm mesons that are the constituents of the X .
Swanson’s prediction for the partial width into J/ψ γ for an X with a binding energy of 1
MeV is 8 keV. Decay modes that receive contributions only from uu¯ annihilation, such as
ψ(2S) γ, KK∗, and πρ, have much smaller partial widths.
IV. DECAYS OF X INTO J/ψ h
In this section, we calculate the differential decay rates of the X into J/ψ h, where the
hadronic system h is π+π−π0, π+π−, π0γ, or γ. We assume that these decays proceed
through transitions of X to J/ψ ρ and J/ψ ω. We calculate the differential decay rates
in terms of two unknown complex coupling constants using an effective lagrangian that
reproduces the decays of the light vector mesons.
A. Vector Meson Decay Amplitudes
We assume that the decay of X into J/ψ h, where h is a system of light hadrons, proceeds
through transitions to J/ψ V , where V is one of the vector mesons ρ or ω, followed by the
decay of the vector meson into h. Because the mass of the X is so close to the threshold for
J/ψ V , the vector meson is almost on its mass shell. Any model that reproduces the decays
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of the vector mesons should also accurately describe the decay of the virtual vector meson
in the J/ψ V component of X . In Ref. [46], the semileptonic branching fractions for the τ
lepton were calculated using an effective lagrangian for light pseudoscalar and vector mesons
with U(3)×U(3) chiral symmetry. All the parameters in the effective lagrangian, aside from
the pion decay constant, were determined directly from decays of the vector mesons ρ and
ω. That same effective lagrangian can be used to calculate the partial widths of X into
J/ψ h. An updated determination of the parameters in that effective lagrangian is given in
the Appendix.
The T-matrix element for the decay of a vector meson V into the light hadronic state h
can be expressed in the form
T [V → h] = ǫµVAµ[V → h], (23)
where ǫV is the polarization vector of the vector meson. The amplitude Aµ for the decay
ρ→ π+π− is
Aµ[ρ→ π+π−] = 12 Gvpipi (p+ − p−)µ . (24)
The value of the coupling constant Gvpipi is given in Eq. (A1a). The amplitude Aµ for the
decay ω → π+π−π0 is
Aµ[ω → π+π−π0] = 4
√
3(cos θv +
√
2 sin θv)
F 3pi
εµναβ p
ν
+ p
α
− p
β
0
×
(
Cv3pi +
GvpipiCvvpiF
2
pi
m2v
(
1− 1
3
[fρ(s12) + fρ(s23) + fρ(s31)]
))
, (25)
where s12, s23, and s31 are the invariant masses of the three different pion pairs and
fV (s) ≡ s
s−M2V + imV ΓV
(26)
is a vector meson resonance factor that vanishes at s = 0. We have denoted the 4-momenta
of π+, π−, and π0 by p+, p−, and p0, respectively. The pion decay constant is Fpi = 93
MeV, the values of the parameters Cv3pi and GvpipiCvvpiF
2
pi/m
2
v are given by Eqs. (A1b) and
(A1c), and the value of the light vector meson mixing angle θv is given by Eq. (A3). The
amplitudes Aµ for the radiative decays of the vector mesons are
Aµ[ρ+ → π+γ] = 4e
3Fpi
(
Cvpiγ +
Gvγ Cvvpi F
2
pi
m2v
)
εµναβQ
νpαǫβγ , (27a)
Aµ[ω → π0γ] = 4(cos θv +
√
2 sin θv)e√
3Fpi
(
Cvpiγ +
Gvγ Cvvpi F
2
pi
m2v
)
εµναβQ
νpαǫβγ , (27b)
where Q and p are the 4-momenta of the vector meson and the pion and ǫγ is the polarization
vector of the photon. The values of the parameters Cvpiγ and GvγCvvpiF
2
pi/m
2
v are given by
Eqs. (A2b) and (A2c).
The amplitudes Aν in Eqs. (24), (25), and (27) all satisfy QνAν = 0, where Q is the
4-momentum of the vector meson. This condition is satisfied in any model consistent with
vector meson dominance. The assumption of vector meson dominance is that the amplitude
for the production of a real photon in a hadronic process can be expressed as the sum of
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over vector mesons V of the amplitude for producing V multiplied by a coupling constant
for the transition V → γ. The condition QνAν = 0 is required for the gauge invariance of
the resulting amplitude for real photon production.
The T-matrix element for X to decay into J/ψ and a light hadronic system h through a
virtual vector meson resonance V can be expressed as
T [X → J/ψ h] = Aµ[X → J/ψ V ] −g
µν
Q2 −m2V + imV ΓV
Aν [V → h], (28)
where Q is the total 4-momentum of the hadronic system h or, equivalently, of the virtual
vector meson. We have used the condition QνAν = 0 to simplify the numerator of the vector
meson propagator. The quantum numbers of the particles, together with Lorentz invariance,
constrains the amplitude for X → J/ψ V to be the sum of two terms. One of them is
Aµ[X → J/ψ V ] = GXψV εµναβQνǫαXǫ∗βψ , (29)
where ǫX and ǫψ are the polarization 4-vectors of the X and the J/ψ and GXψV is a dimen-
sionless constant. The contraction of this amplitude with the polarization vector ǫ∗V of the
vector meson reduces in the rest frame of the vector meson to GXψVmV ǫX · (ǫψ× ǫV )∗. The
other independent amplitude Aµ has the Lorentz structure εµναβP νǫαXǫ∗βψ . In the rest frame
of the X , its contraction with ǫ∗V is mXǫX · (ǫψ×ǫV )∗. Since the mass of the X is so close to
the threshold for J/ψ V , the rest frames of the X and V are essentially identical. Thus the
two independent Lorentz structures are essentially equivalent for decays that are dominated
by the vector meson resonance. They give similar predictions for the partial widths for X
into J/ψ h for h = π+π−π0, π+π−, or π0γ. The amplitude in Eq. (29) has the advantage
that it is also consistent with the constraint QµAµ = 0 required by vector meson dominance.
Thus this amplitude can be used to calculate the decay of X into J/ψ γ. We therefore take
the transition amplitude for X into J/ψ V to be the expression in Eq. (29).
B. Decay into J/ψ π+π−
We assume that the decay of X into J/ψ π+π− proceeds through a transition of X to
J/ψ ρ. The T-matrix element is then given in terms of the unknown coupling constant GXψρ
by Eqs. (28) and (29) with V = ρ. The expression for the amplitude Aν for ρ → π+π− is
given in Eq. (24). We obtain the decay rate by squaring the amplitude, summing over spins,
and integrating over phase space. The differential decay rate into J/ψ π+π− as a function
of the invariant mass Q of the two pions is
dΓ
dQ
[X → J/ψ π+π−] = |GXψρ|
2G2vpipi
9216π3m5Xm
2
ψ
(Q2 − 4m2pi)3/2λ1/2(mX , mψ, Q)
(Q2 −m2ρ)2 +m2ρΓ2ρ
× [(m2X +m2ψ)(m2X −m2ψ)2 − 2(m4X − 4m2Xm2ψ +m4ψ)Q2 + (m2X +m2ψ)Q4] ,(30)
where λ(x, y, z) is the triangle function:
λ(x, y, z) = x4 + y4 + z4 − 2(x2y2 + y2z2 + z2x2). (31)
After integrating over the pion invariant mass, the decay rate is
Γ[X → J/ψ π+π−] = |GXψρ|2 (223 keV). (32)
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FIG. 2: Invariant mass distributions for the pions in the decay X → J/ψ pi+pi−.
The shape of the pion invariant mass distribution for the decay of X into J/ψ π+π−
is shown in Fig. 2. Its qualitative features are dominated by the phase space factor
λ1/2(mX , mψ, Q), which cuts the distribution off at the endpoint Q = mX − mψ, and the
vector meson resonance factor, which has its maximum at Q = mρ just outside the kinematic
region. Most of the support for dΓ/dQ comes from within Γρ of the upper endpoint.
C. Decay into J/ψ π+π−π0
We assume that the decay of X into J/ψ π+π−π0 proceeds through a transition of X
to J/ψ ω. The T-matrix element is then given in terms of the unknown coupling constant
GXψω by Eqs. (28) and (29) with V = ω. The expression for the amplitude for ω → 3π is
given in Eq. (25). We obtain the decay rate by squaring the amplitude, summing over spins,
and integrating over phase space. The differential decay rate into J/ψπ+π−π0 as a function
of the invariant mass Q of the 3 pions can be reduced to a 2-dimensional integral:
dΓ
dQ
[X → J/ψ π+π−π0] = |GXψω|
2(cos θv +
√
2 sin θv)
2
3072π5m5Xm
2
ψF
6
pi
λ1/2(mX , mψ, Q)
Q[(Q2 −m2ω)2 +m2ωΓ2ω]
× [(m2X +m2ψ)(m2X −m2ψ)2 − 2(m4X − 4m2Xm2ψ +m4ψ)Q2 + (m2X +m2ψ)Q4]
×
∫
ds12
∫
ds23
[
s12 s23 s31 −m2pi(Q2 −m2pi)2
]
×
∣∣∣∣Cv3pi + GvpipiCvvpiF 2pim2v
(
1− 1
3
[fρ(s12) + fρ(s23) + fρ(s31)]
)∣∣∣∣
2
, (33)
where s12, s23, and s31 are the squares of the invariant masses of the three pairs of pions. We
have suppressed the limits of integration in the integrals over s12 and s23. After integrating
over the pion invariant masses, the decay rate is
Γ[X → J/ψ π+π−π0] = |GXψω|2(19.4 keV). (34)
The shape of the pion invariant mass distributions for the decay of X into J/ψ π+π−π0
is shown in Fig. 3. Its qualitative features are dominated by the phase space factor
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FIG. 3: Invariant mass distributions for the pions in the decays X → J/ψ pi+pi−pi0.
λ1/2(mX , mψ, Q), which cuts the distribution off at the endpoint Q = mX − mψ, and the
vector meson resonance factor, which has its maximum at Q = mω just outside the kine-
matic region. Most of the support for dΓ/dQ comes from within a few widths Γω of the
upper endpoint.
The ratio of the decay rates in Eqs. (32) and (34) is
Γ[X → J/ψ π+π−π0]
Γ[X → J/ψ π+π−] = 0.0870
|GXψω|2
|GXψρ|2 . (35)
By comparing this to Belle’s result in Eq. (4) for the ratio of the branching fractions, we
can obtain an estimate of the ratio of the coupling constants:
|GXψω|2
|GXψρ|2 ≈ 11.5± 5.7. (36)
D. Decay into J/ψ π0γ
We assume that the decay of X into J/ψ π0γ proceeds through transitions of X to J/ψ ρ
and J/ψ ω. The T-matrix element is then given by Eq. (28) summed over V = ρ, ω. The
amplitudes for V → π0γ are given in Eqs. (27). The differential decay rate with respect to
the invariant mass Q of the π0γ is
dΓ
dQ
[X → J/ψ π0γ] = αem (Cvpiγ +GvγCvvpiF
2
pi/m
2
v)
2
648π2m5Xm
2
ψF
2
pi
(Q2 −m2pi)3λ1/2(mX , mψ, Q)
Q
× [(m2X +m2ψ)(m2X −m2ψ)2 − 2(m4X − 4m2Xm2ψ +m4ψ)Q2 + (m2X +m2ψ)Q4]
×
∣∣∣∣∣ GXψρQ2 −m2ρ + imρΓρ +
GXψω
√
3(cos θv +
√
2 sin θv)
Q2 −m2ω + imωΓω
∣∣∣∣∣
2
. (37)
After integrating over the π0γ invariant mass, the decay rate is
Γ[X → J/ψ π0γ] = [|GXψω|2 + 0.026 |GXψρ|2
+(0.163 cosφ+ 0.215 sinφ)|GXψω||GXψρ|
]
(3.24 keV), (38)
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where exp(iφ) is the relative phase between GXψω and GXψρ. The estimate of the ratio
|GXψω|2/|GXψρ|2 in Eq. (36) suggests that the |GXψω|2 term in Eq. (38) dominates. If this
is the case, the branching fraction for the decay of X into J/ψ π0γ should be smaller than
that for J/ψ π+π−π0 by a factor of about 0.17.
E. Decay into J/ψ γ
Having chosen the transition amplitude in Eq. (29) so that it satisfies QµAµ = 0, we can
use vector meson dominance to calculate the partial width for the decay of X into J/ψ γ.
The T-matrix element is
T [X → J/ψ γ] = GvγF 2pie
(
GXψρ
m2ρ − imρΓρ
+
GXψω cos θv/
√
3
m2ω − imωΓω
)
εµναβQ
µǫνXǫ
α
ψ
∗ǫβγ
∗
, (39)
where Q is the 4-momentum of the photon. The value of the coupling constant Gvγ is given
in Eq. (A2a). The result for the decay rate is
Γ[X → J/ψ γ] = αemG
2
vγF
4
pi (m
2
X +m
2
ψ)(m
2
X −m2ψ)3
24m5Xm
2
ψ
×
∣∣∣∣∣ GXψρm2ρ − imρΓρ +
GXψω cos θv/
√
3
m2ω − imωΓω
∣∣∣∣∣
2
. (40)
If the widths in the vector meson propagators are neglected and if we use mρ ≈ mω, the
decay rate in Eq. (40) reduces to
Γ[X → J/ψ γ] = |GXψρ + 0.30GXψω|2(5.51 keV). (41)
Our estimate in Eq. (36) implies that |GXψω| is much larger than |GXψρ|. However, the
larger magnitude of GXψω is compensated by the vector meson mixing factor cos θv/
√
3 =
0.30, so the GXψρ and GXψω terms may be equally important. Using the partial widths in
Eqs. (32) and (34), we can relate the branching fractions for J/ψ γ to those for J/ψ π+π−
and J/ψ π+π−π0:
Br[X → J/ψ γ] = 0.025Br[X → J/ψ π+π−] + 0.026Br[X → J/ψ π+π−π0]
+0.050 cosφ
(
Br[X → J/ψ π+π−] Br[X → J/ψ π+π−π0])1/2 , (42)
where exp(iφ) is the relative phase between GXψω and GXψρ. This prediction is compatible
with the measurements of the branching ratios in Eqs. (4) and (5) if the angle φ is small.
F. Factorization of short-distance decay rates
The decay modes of the X(3872) can be classified into long-distance decays and short-
distance decays. The long-distance decay modes are D0D¯0π0 and D0D¯0γ, which proceed
through the decay of a constituent D∗0 or D¯∗0. These decays are dominated by a component
of the wavefunction of the X in which the separation of the D and D∗ is of order |a|.
These long-distance decays involve interesting interference effects between the D0D¯∗0 and
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D∗0D¯0 components of the wavefunction [11]. The short-distance decays are dominated by a
component of the wavefunction in which the separation of the D and D∗ is of order mpi or
smaller. Examples are the observed decay modes J/ψ π+π−, J/ψ π+π−π0, and J/ψ γ.
Short-distance decays of the X into a hadronic final state H involve well-separated mo-
mentum scales. The DD∗ wavefunction of the X involves the momentum scale 1/|a| set by
the large scattering length. The transition of the DD∗ to H involves momentum scales mpi
and larger. The separation of scales |a| ≫ 1/mpi can be exploited by using a factorization
formula for the decay rate [19]. In limit |a| ≫ 1/mpi, the leading term in the T-matrix ele-
ment for the decay X → H can be separated into a short-distance factor and a long-distance
factor:
T [X → H ] = Ashort[X → H ]×AX . (43)
The short-distance factor Ashort in Eq. (43) has a well-behaved limit as |a| → ∞. The long-
distance factor AX is the universal amplitude given in Eq. (12). If the complex scattering
length is parameterized as in Eq. (13), this factor is
AX =
(√
2π/µ
)
(γre + iγim)
1/2 . (44)
When applied to decays of X into J/ψ and light hadrons, the factorization formula in
Eq. (43) implies that the coupling constants GXψρ and GXψω have a long-distance factor
AX .
The factorization formula for the T-matrix element in Eq. (43) implies a factorization
formula for the decay rate:
Γ[X → H ] = Γshort[X → H ]× |AX |2. (45)
The short-distance factor Γshort in Eq. (45) has a well-behaved limit as |a| → ∞. Using the
expressions in Eqs. (15) and (14) for the binding energy and the width of the molecule, the
long-distance factor in Eq. (45) can be expressed as
|AX |2 =
√
8π2/µ3
[
EX + Γ
2
X/(16EX)
]1/2
. (46)
Predictions for the rates for short-distance decays of the X can be obtained from models
for low-energy hadrons in which the parameters have been tuned to obtain a small bind-
ing energy EX , such as Swanson’s model [14]. In such models, calculations using the most
straightforward numerical methods tend to become increasingly unstable as the binding en-
ergy is tuned toward 0, because the small binding energy results from a delicate cancellation.
The factorization formula in Eqs. (45) and (46) can be useful for extrapolating the predic-
tions of a model to other values of the binding energy EX . In many models, it is difficult to
take into account effects of the width ΓX of the molecule. Given the prediction of a model
in which the width has been neglected, the factorization formula in Eqs. (45) and (46) can
be used to take into account the nonzero width ΓX consistently.
In order to use the factorization formula in Eqs. (45) and (46) to extrapolate a partial
width calculated using a model to other values of the binding energy and the width, the
calculation must be carried out for small enough binding energy that the model is in the uni-
versal scaling regime where observables scale as powers of the binding energy. For example,
the probabilities for components of the wavefunction other than D0D¯∗0 and D∗0D¯0 should
14
scale as E
1/2
X . In Swanson’s model with EX = 0.7 MeV, this universal scaling behavior is
satisfied by the probability Zψω but not by Zψρ, as is evident in Fig. 1. The delayed onset
of the universal behavior for the probability Zψρ can perhaps be attributed to the weaker
coupling of X to isospin-1 states. In the next section, we will use Swanson’s result for Zψω
to estimate the coupling constant GXψω.
V. PARTIAL WIDTH FOR X → J/ψ π+π−π0
The partial widths of the X calculated in Section IV are expressed in terms of unknown
coupling constants GXψρ and GXψω. In this section, we use a simple 2-channel scattering
model to show that |GXψω| can be deduced from the probability Zψω for the J/ψ ω component
of the X . We then use the probability Zψω in Swanson’s model to give a quantitative
prediction for the partial width for the X to decay into J/ψ π+π−π0.
A. Two-channel scattering model
Cohen, Gelman, and van Kolck have constructed a renormalizable effective field theory
that describes two scattering channels with S-wave contact interactions [47]. We will refer
to this model as the two-channel scattering model. An essentially equivalent model has been
used to describe the effects of ∆∆ states on the two-nucleon system [48]. The parameters of
this model can be tuned to produce a large scattering length in the lower energy channel. It
can be used as a simple model for the effects on the D0D¯∗0/D∗0D¯0 system of other hadronic
channels with nearby thresholds, such as J/ψ ρ and J/ψ ω.
The two-channel model of Ref. [47] describes two scattering channels with S-wave contact
interactions only. We label the particles in the first channel 1a and 1b and those in the
second channel 2a and 2b. We denote the reduced masses in the two channels by µ and µ2.
Renormalized observables in the 2-body sector are expressed in terms of 4 parameters: three
interaction parameters a11, a22, and a12 = a21 with dimensions of length and the energy gap
∆ between the two scattering channels, which is determined by the masses of the particles:
∆ = m2a +m2b − (m1a +m1b). (47)
The scattering parameters in Ref. [47] were defined in such a way that a11 and a22 reduce in
the limit a12 → ±∞ to the scattering lengths for the two channels. The truncated connected
transition amplitude A(E) for this coupled-channel system is a 2 × 2 matrix that depends
on the energy E in the center-of-mass frame. If that energy is measured relative to the
threshold m1a +m1b for the first scattering channel, the inverse of the matrix A(E) is
A(E)−1 = 1
2π
(
µ
[− 1/a11 +√−2µE ] √µµ2/a12√
µµ2/a12 µ2
[− 1/a22 +√2µ2(∆− E) ]
)
. (48)
The square roots are defined for negative real arguments by the prescription E → E + iǫ
with ǫ→ 0+. The explicit expressions for the 11 and 12 entries of this matrix are
A11(E) = 2π
µ
(
− 1
a11
+
√
−2µE − 1
a212
[
− 1/a22 +
√
2µ2(∆−E)
]−1)−1
, (49a)
A12(E) = 2π√
µµ2
(
1
a12
− a12
[
− 1
a11
+
√
−2µE
] [
− 1
a22
+
√
2µ2(∆−E)
])−1
. (49b)
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The amplitudes defined by (48) are for transitions between states with the standard non-
relativistic normalizations. The transitions between states with the standard relativistic
normalizations are obtained by multiplying by a factor
√
2mi for every particle in the ini-
tial and final state. The T-matrix element T11(p) for the elastic scattering of particles in
the first channel with relative momentum p is obtained by evaluating A11(E) at the en-
ergy E = p2/(2µ). The scattering length is determined by the T-matrix element at p = 0:
T11(0) = −2πa/µ. The inverse scattering length 1/a is therefore
1
a
=
1
a11
+
1
a212
[√
2µ2∆− 1/a22
]−1
. (50)
If the matrix A(E) given by Eq. (48) has a pole on the physical sheet at E = −κ2/(2µ),
there is a bound state below the scattering threshold for the first channel with binding
energy EX = κ
2/(2µ). The binding momentum κ satisfies
κ =
1
a11
+
1
a212
[
− 1/a22 +
√
2µ2∆+ (µ2/µ)κ2
]−1
. (51)
The momentum-space wavefunction ψ(p) for the bound state is a column vector whose
two components are the amplitudes for the bound state to consist of particles with relative
momentum p in the first and second channel, respectively. The wavefunction can be deduced
from the behavior of A(E) near the bound-state pole:
A(E) −→ − 1
E + κ2/(2µ)
(AX1
AX2
)
⊗ (AX1 AX2) . (52)
The components AX1 and AX2 of the column vector are the amplitudes for transitions from
the bound state to particles in the first and second channels, respectively. They satisfy
µ[−1/a11 + κ]AX1 + [√µµ2/a12]AX2 = 0. (53)
Because the only interactions in the two-channel model are contact interactions, the depen-
dence of the wavefunction on the relative momentum of the constituents comes only from
propagators. The wavefunction can be expressed in the form
ψ(p) = N
(
2µAX1[p2 + κ2]−1
2µ2AX2[p2 + 2µ2∆+ (µ2/µ)κ2]−1
)
, (54)
where N is a normalization constant. The normalization condition∫
d3p
(2π)3
(|ψ1(p)|2 + |ψ2(p)|2) = 1 (55)
can be expressed as Z1 + Z2 = 1, where Z1 and Z2 are the probabilities for the bound state
to consist of the particles in the first and second channels, respectively. The probability Z1
for the first channel is given by
Z−11 = 1 +
(µ2/µ)a
2
12(−1/a11 + κ)2κ√
2µ2∆+ (µ2/µ)κ2
. (56)
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B. Two-channel model with large scattering length
In the two-channel model of Ref. [47], a large scattering length a in the first channel can
be obtained by fine-tuning the parameters a11, a22, a12, and ∆. The natural momentum scale
Λ associated with low-energy elastic scattering in the first channel is set by the magnitudes
of a−111 , a
−1
22 , a
−1
12 , and (2µ2∆)
1/2. There are various ways to tune the parameters so that |a|
is large compared to Λ−1. For example, a can be tuned to ±∞ by tuning the scattering
parameter a11 to the critical value −a212[
√
2µ2∆− 1/a22].
As a is tuned to be much larger than the natural momentum scale, the amplitude A11(E)
for |E| ≪ Λ2/(2µ) approaches the universal expression given in Eq. (9). The solution to
Eq. (51) for the binding momentum κ approaches 1/a, so if a > 0, there is a bound state
with the universal binding energy in Eq. (10). The first component of the wavefunction in
Eq. (54) approaches the universal expression in Eq. (11), while the probability of the second
component approaches 0 as 1/a. The amplitude AX1 for the transition from the bound state
to particles in the first channel also approaches the universal amplitude AX in Eq. (12).
There are also universal features associated with transitions from the bound state to
particles in the second channel. If |a| ≫ Λ−1, the leading term in the amplitude for the
transition of the weakly-bound state X to particles in the second channel is
AX2 = −
√
µ/µ2
a12
[√
2µ2∆− 1/a22
]−1
AX , (57)
where AX is the universal amplitude given in Eq. (12). This equation is a factorization
formula that expresses the transition amplitude as the product of a short-distance factor
and the universal long-distance factor AX . Using Eq. (56), the probability Z2 = 1− Z1 for
the bound state to consist of particles in the second channel reduces to
Z2 =
(µ2/µ)
a212
√
2µ2∆
[√
2µ2∆− 1/a22
]−2 1
a
. (58)
Note that the probability Z2 differs from |AX2|2 only by kinematic factors:
|AX2|2 =
√
8π2∆/µ32 Z2. (59)
This relation also follows directly from the wavefunction in Eq. (54) if we use the fact that the
normalization factor N approaches 1 as a→∞. Thus the relation between the probability
and the transition amplitude in Eq. (59) is not specific to the 2-channel model. It applies
more generally to any 2-particle component of the bound state whose wavefunction can be
approximated by (p2+2µ2∆)
−1, where ∆ is the energy gap. It requires only that ∆ is small
enough that the interaction in that channel can be approximated by an S-wave contact
interaction at momenta comparable to
√
2µ2∆.
C. Partial width into J/ψ π+π−π0
We can use results from Swanson’s model to estimate |GXψω|, thereby determining the
unknown constant in the expression in Eq. (34) for the partial width for X → J/ψ π+π−π0.
The relativistic amplitude for the transition from X to J/ψ ω is given by the contraction
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of the amplitude Aµ in Eq. (29) with a polarization vector for the ω. The corresponding
nonrelativistic amplitude AXψω is the analog of the transition amplitude AX2 in Eq. (57)
for the 2-channel model. In the rest frame of the X , the relativistic amplitude differs from
the nonrelativistic amplitude by a factor of
√
2mi for every external particle:
ǫµω
∗Aµ[X → J/ψ ω] = (8mXmψmω)1/2AXψω. (60)
Using the expression for the amplitude Aµ in Eq. (29) and the fact that the rest frame of
the X is almost identical to that of the ω, the left side of Eq. (60) is
ǫµω
∗Aµ[X → J/ψ ω] = GXψωmωǫX · (ǫψ × ǫω)∗. (61)
The transition amplitude AXψω on the right side of Eq. (60) must have the same dependence
on the polarization vectors of the J/ψ and ω. There are two independent pairs of spin states
for J/ψ and ω that couple to any given spin state of X . If the analog of the factorization
formula in Eq. (59) is summed over the spin states of the J/ψ and ω, it gives
∑
spins
|AXψω|2 =
√
8π2∆ψω/µ3ψω Zψω, (62)
where ∆ψω is the energy gap in Eq. (20c), µψω is the reduced mass of the J/ψ and ω, and
Zψω is the probability for the J/ψ ω component of X . Squaring both sides of Eq. (60) and
summing over the spin states of J/ψ and ω, we get
2m2ω|GXψω|2 = 16πmX(mψ +mω)
√
2∆ψω/µψω Zψω. (63)
Inserting Swanson’s result Zψω = 9.6% for EX = 0.7 MeV and using the factorization
formula in Eqs. (45) and (46), this reduces to
|GXψω|2 = 9.59
(
EX + Γ
2
X/(16EX)
0.7MeV
)1/2
. (64)
Inserting the result into the expression in Eq. (34), we get a quantitative result for the partial
width:
Γ[X → J/ψ π+π−π0] = (222 keV)
(
EX + Γ
2
X/(16EX)
1MeV
)1/2
. (65)
We can use the result in Eq. (65) to set a lower bound on the partial width into
J/ψ π+π−π0. As a function of the binding energy EX , the right side of Eq. (65) is min-
imized at EX = ΓX/4. The lower bound on the width is ΓX > 2Γ[D
∗0] = 136 ± 32 keV.
Thus the lower bound on the partial width into J/ψ π+π−π0 in Swanson’s model is about
58 keV.
As is evident in Fig. 1, Swanson did not calculate the probability Zψρ for the J/ψ ρ
component of X for a binding energy small enough to be in the scaling region where Zψρ
scales like E
1/2
X . If he had, we could use an equation analogous to Eq. (63) to determine
|GXψρ|. If we assume that the smallest binding energy considered by Swanson is close to
the scaling region, we can use his value Zψρ = 0.86% for EX = 0.7 MeV to estimate |GXψρ|.
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In the analog of Eq. (63), we should set ∆ψρ = ∆ψω rather than using the value ∆ψρ in
Eq. (20b), because Swanson set mρ = mω in his calculation. The resulting estimate is
|GXψρ|2 ≈ 0.86
(
EX + Γ
2
X/(16EX)
0.7MeV
)1/2
. (66)
We can insert this estimate into Eq. (32) to get an estimate of the partial width for decay
into J/ψ π+π−. We can also insert this estimate of |GXψρ|2 and the value of |GXψω|2 from
Eq. (64) into Eqs. (38) and (41) to get ranges of estimates of the partial widths for the
decays into J/ψ π0γ and J/ψ γ. The ranges arise from the unknown relative phase between
GXψω and GXψρ.
VI. SUMMARY
Evidence is accumulating that the X(3872) is a loosely-bound S-wave molecule corre-
sponding to a C = + superposition of D0D¯∗0 and D∗0D¯0. Because its binding energy is
small compared to the natural energy scale associated with pion exchange, this molecule has
universal properties that are completely determined by the large scattering length a in the
C = + channel of D0D¯∗0 and D∗0D¯0.
We have analyzed the decays of X into J/ψ plus light hadrons under the assumption
that X is a DD∗ molecule and that these decays proceed through transitions to J/ψ ρ and
J/ψ ω. The differential decay rates were calculated in terms of unknown coupling constants
GXψρ and GXψω by using an effective lagrangian that reproduces the decays of the light
vector mesons. The dependence on the unknown coupling constants enters only through
multiplicative factors, so the angular distributions are completely determined.
Quantitative predictions of the partial widths for the decays of X into J/ψ plus light
hadrons require numerical values for the coupling constants GXψρ and GXψω. We pointed
out that the dependence of these coupling constants on the binding energy EX and the
total width ΓX are determined by factorization formulas. We showed how |GXψω|2 could be
determined from the probability Zψω for the J/ψ ω component ofX in Swanson’s model. We
used this result to give a quantitative prediction for the partial width for X → J/ψ π+π−π0
as a function of EX and ΓX .
APPENDIX A: DECAY AMPLITUDES FOR VECTOR MESONS
In this appendix, we present an updated determination of the coupling constants in the
effective lagrangian for the light pseudoscalar and vector mesons that was used in Ref. [46] to
calculate the semileptonic branching fractions for the τ lepton. The same effective lagrangian
is used in Section IV to calculate the decay rates of the X into J/ψ and light hadrons.
The pion decay constant Fpi = 93 MeV and the hadron masses have all been determined
accurately [45]. The other parameters in the effective lagrangian can be determined from the
partial widths for decays of ρ0, ρ±, and ω given in Table I. The most useful combinations of
the parameters in the amplitudes for the decays of the vector mesons into pions in Eqs. (24)
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Decay mode Partial width
ρ0 → pi+pi− 150.3 ± 1.6 MeV
ρ0 → e+e− 7.02 ± 0.11 keV
ρ− → pi−γ 67.6 ± 7.5 keV
ω → e+e− 0.60 ± 0.02 keV
ω → pi0γ 0.76 ± 0.05 MeV
ω → pi0µ+µ− 0.82 ± 0.20 keV
ω → pi+pi−pi0 7.56 ± 0.093 MeV
TABLE I: Inputs that are used to determine the coupling constants in the vector meson decay
amplitudes. The partial widths are taken from Ref. [45].
and (25) are
Gvpipi = 11.99± 0.06, (A1a)
Cv3pi +GvpipiCvvpiF
2
pi/m
2
v = (8.03± 0.48)/(16π2), (A1b)
GvpipiCvvpiF
2
pi/m
2
v = (10.2± 1.3)/(16π2). (A1c)
The coupling constant Gvγ associated with vector meson dominance and the most useful
combinations of parameters in the amplitudes for the radiative decays of the vector mesons
in Eqs. (27) are
Gvγ = 14.01± 0.11, (A2a)
Cvpiγ +Gvγ Cvvpi F
2
pi/m
2
v = (7.99± 0.45)/(16π2), (A2b)
GvγCvvpi F
2
pi/m
2
v = (11.9± 1.5)/(16π2). (A2c)
The vector meson mixing angle is given by1
cos θv = 0.51± 0.01. (A3)
Another function of θv that is often encountered is cos θv +
√
2 sin θv ≈ 1.73 ± 0.01. The
errors in the parameters in Eqs. (A1), (A2), and (A3) are determined using the uncertainties
in the measurements of the vector meson decay widths only. The uncertainties in the
hadron masses and the pion decay constant are negligible in comparison. Variations in the
parameters associated with U(3)× U(3) symmetry breaking are neglected in this analysis.
The inputs that were used to determine the parameters in Eqs. (A1), (A2), and (A3) are
listed in Table I. Following Ref. [46], we determine the parameters by the following steps:
1. The coupling constant Gvpipi in Eq. (A1a) is determined from the partial width for
ρ→ π+π−:
Γ[ρ→ π+π−] = G
2
vpipimρ
192π
(
1− 4m2pi/m2ρ
)3/2
. (A4)
2. The coupling constant Gvγ in Eq. (A2a) is determined from the partial width for
ρ→ e+e−:
Γ[ρ→ e+e−] = 4πα
2
emG
2
vγ F
4
pi
3m3ρ
. (A5)
1 The cosine of the angle θv here is the sine of the vector meson mixing angle used in Ref. [46].
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3. The combination of parameters in Eq. (A2b) is determined from the partial width for
ρ− → π−γ:
Γ[ρ− → π−γ] = 2αemm
3
ρ
27F 2pi
(
Cvpiγ +
Gvγ Cvvpi F
2
pi
m2v
)2
(1−m2pi/m2ρ)3. (A6)
4. The combination of parameters Gvγ Cvvpi F
2
pi/m
2
v in Eq. (A2c) is determined from the
ratio of the partial widths for ω → π0µ+µ− and ω → π0γ. The possibility of a
relative phase between Cvpiγ and Gvγ Cvvpi F
2
pi/m
2
v is ignored. The partial width for
ω → π0µ+µ− is
Γ[ω → π0µ+µ−] = 1
256π3m3ω
∫
ds12
∫
ds23
∑|A[ω → π0µ+µ−]|2. (A7)
The squared amplitude, averaged over initial spin states and summed over final spin
states, is
∑|A[ω → π0µ+µ−]|2 = 128π2α2em
9F 2pi
(cos θv +
√
2 sin θv)
2
× [(s223 + 4m2µ) ((m2ω − s23 −m2pi)2 − 4m2pis23)+ s23(s12 − s31)2]
× 1
s223
∣∣∣∣Cvpiγ + Gvγ Cvvpi F 2pim2v (1− fρ(s23))
∣∣∣∣
2
, (A8)
where s12, s23, and s31 are the squares of the invariant masses of the π
0µ+, µ+µ−, and
µ−π0, respectively. The partial width for ω → π0γ is
Γ[ω → π0γ] = 3(cos θv +
√
2 sin θv)
2m
3
ω(1−m2pi/m2ω)3
m3ρ(1−m2pi/m2ρ)3
Γ[ρ− → π−γ], (A9)
where Γ[ρ− → π−γ] is given in Eq. (A6). Note that the factor (cos θv +
√
2 sin θv)
2
cancels in the ratio of Eqs. (A7) and (A9).
5. The combination of parameters GvpipiCvvpiF
2
pi/m
2
v appearing in Eq. (A1c) is determined
by multiplying the combination of parameters in Eq. (A2c) by the ratio Gvpipi/Gvγ
obtained from Eqs. (A1a) and (A2a).
6. The combination of parameters in Eq. (A1b) is determined from the ratio of the partial
widths for ω to decay into π+π−π0 and π0γ and from the value of the combination
of parameters in Eq. (A1c). The possibility of a relative phase between Cv3pi and
GvpipiCvvpiF
2
pi/m
2
v is ignored. The partial width for ω → π0γ is given in Eq. (A9). The
partial width for ω → π+π−π0 is
Γ[ω → π0π+π−] = 1
256π3m3ω
∫
ds12
∫
ds23
∑|A[ω → π+π−π0]|2. (A10)
The squared amplitude, averaged over the spin states of ω, is
∑|A[ω → π+π−π0]|2 = 4(cos θv +
√
2 sin θv)
2
F 6pi
(
s12s23s31 −m2pi(m2ω −m2pi)2
)
×
∣∣∣∣Cv3pi + GvpipiCvvpiF 2pim2v
(
1− 1
3
[fρ(s12) + fρ(s23) + fρ(s31)]
)∣∣∣∣
2
. (A11)
Note that the factor (cos θv +
√
2 sin θv)
2 cancels in the ratio of Eqs. (A10) and (A9).
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7. Finally, the cosine of the vector meson mixing angle in Eq. (A3) is determined from
the ratio of the partial widths for ω → e+e− and ρ0 → e+e−:
Γ[ω → e+e−] = cos
2 θvm
3
ρ
3m3ω
Γ[ρ0 → e+e−]. (A12)
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